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Abstract 

In this paper we prove that the periodic Toda lattice admits globally 
defined Birkhoff coordinates Q 



1 Introduction 

Consider the Toda lattice with period N (N > 2), 

for n e Z, where the (real) coordinates {qn,Pn)nez satisfy {qn+N ,Pn+N) = 
{q-mPn) for any n € Z and the Hamiltonian Hxada is given by 

N N 
n—1 n—1 

where a is a positive parameter, a > 0. For the standard Toda lattice, a ~ 1. 
The Toda lattice was introduced by Toda [T7] and studied extensively in the 
sequel. It is an important model for an integrable system of N particles in one 
space dimension with nearest neighbor interaction and belongs to the family of 
lattices introduce and numerically investigated by Fermi, Pasta, and Ulam in 
their seminal paper [S]. To prove the integrability of the Toda lattice, Flaschka 
introduced in [31 the (noncanonical) coordinates 

bn:=-Pn<^^, a„ := ae5(«"-«"+i) g M>o („ ^ g). 

These coordinates describe the motion of the Toda lattice relative to the center 
of mass. Note that the total momentum is conserved by the Toda flow, hence 
any trajectory of the center of mass is a straight line. 

* Supported in part by the Swiss National Science Foundation, the programme SPECT, 
and the European Community through the FP6 Marie Curie RTN ENIGMA (MRTN-CT- 
2004-5652) 
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1 INTRODUCTION 



In these coordinates the Hamiltonian HToda takes the simple form 

N N 

2 



N N 



and the equations of motion are 



n=l 



n=l 



{n G Z). 



(2) 



Note that {bn+N, fln+Af) = (^Ti, On) for any n e Z, and n^=i = "^^^ Hence we 
can identify the sequences {hn)n& and (a„)„gz with the vectors {bn)i<n<N & 
and (a„)i<„<jv € lK>o- Our aim is to study the normal form of the system 
of equations ^ on the phase space 

M := X M^o- 

This system is Hamiltonian with respect to the nonstandard Poisson structure 
J = Jf,_a, defined at a point {b,a) = ((6„, a„)i<„<Ar by 



J = 



A 

-*A 



(3) 



where A is the 5-independent N x A^-matrix 

f ai ... 

-fli 02 
-02 03 



1 







V 



(4) 



-OAT-i OAT / 



The Poisson bracket corresponding to ([3]) is then given by 

{F,G}j{b,a) = {{VbF,VaF), J{VbG,VaG)U2. 

^ {WbF, A VaG)R« - {WaF, A* V,G)r« . 



(5) 



where F,G E C^(M) and where Vb and Va denote the gradients with respect 
to the A^-vectors b — (6i, . . . , ^at) and o = (oi, . . . , a^v), respectively. Therefore, 
equations can alternatively be written as bn — {bn,H}j^ d„ = {an,H}j 
{l<n< N). Further note that 



{bn,a7i}j — {bn+i,an}j — --^, 



(6) 



while {bn, Ofe} J = for any n, k with n ^ {k, k + 1}. 
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Since the matrix A defined by ^ has rank N — 1, the Poisson structure J 
is degenerate. It admits the two Casimir function^ 



(7) 



whose gradients Vh^aCi = (VfcQ, VaQ) (i = 1,2), given by 

VbCi = V,Ci=0, (8) 

Vf,C2 = 0, VaC2 = ^ f 1, . . . , — V (9) 

are hnearly independent at each point (6, a) of M. 
Let 

M^,„ {(6, a) e M^^ : (^1,^2) = (/3,a)} 

denote the level set of (Ci, C2) for a) G K x R>o- Note that (— /31jv, aljv) G 
M0,a where Iat = (1, . . . , 1) e R^. By dS])-®, the sets M/3,„ are real analytic 
submanifolds of M of codimension two. Furthermore the Poisson structure J, 
restricted to M^g^a, becomes nondegenerate everywhere on M^^q, and therefore 
induces a symplectic structure i/p^a on M^.q. In this way, we obtain a symplectic 
foliation of M with M^.q being its (symplectic) leaves. 

To state the main result of this paper, we introduce the model space 



V := M2(a^-i) X M X ]R>o 



endowed with the degenerate Poisson structure Jq whose symplectic leaves are 
]]|2(Af-i) ^ ^ endowed with the canonical symplectic structure. 

Theorem 1.1. There exists a map 

n : (M, J) Jo) 

(6,a) ((x„, ?/„)i<„<Ar_i, Ci, C2) 

with the following properties: 

• CI is a real analytic diffeomorphism. 

m is canonical, i.e. it preserves the Poisson brackets. In particular, the 
symplectic foliation of M by M/3_q is trivial. 

• The coordinates (a;„, j/„)i<„<jv-ij Ci, C2 are global Birkhoff coordinates 
for the periodic Toda lattice, i.e. the transformed Toda Hamiltonian H = 
H o fl^^ is a function of the actions {In)i<n<N-i and Ci,C2 alone. 

smooth function C : JVt — » K is a Casimir function for J if {C, ■},/ = 0. 
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2 PRELIMINARIES 



Further properties of are discussed at the end of section [71 

In [9], we use the Birkhoff coordinates {xn,yn)i<n<N-i given by Theorem 
ll.ll to obtain a KAM-theorem for the periodic Toda lattice. 

Related work: Theorem 11.11 improves on earher work on the normal form of 
the periodic Toda lattice in [Tl[2]. In particular, we construct global Birkhoff 
coordinates on all of M instead of a single symplectic leaf and show that tech- 
niques recently developed for treating the KdV equation (cf. [101 HJ ) and the 
defocusing NLS equation (cf. [Hill]) can also be applied for the Toda lattice. 

Outline of the paper: In section|2lwe review the Lax pair of the periodic Toda 
lattice and collect some auxiliary results on the spectrum of the Jacobi matrix 
L{b, a) associated to an element (6, a) G M. The construction of the coordinates 
ixn,yn)i<n<N-i (see sectionlU uses the action variables (/Ti)i<ri<jv-i defined 
on M and the angle variables {On)i<n<N-i defined on a dense domain M' C M, 
both of which have been studied in detail in our previous paper [8j. We give 
a brief review of these action-angle variables in section |3l The coordinates 
(xn, yn)i<n<N-i are then defined on the dense domain M' by 

{Xn,yn) = \/2I^{cOsdn,Sm9n). 

In a first step we show that the coordinate functions {xmy-n) extend to real 
analytic functions on all of M. Using the canonical relations among the action- 
angle variables established in i^Sj we then show in section [71 that f2 is a canonical 
local diffeomorphism. Finally, the fact that Vl is 1-1 and onto is deduced from 
a priori estimates of the actions which are used to prove that £7 is proper (cf. 
section I?]). 



2 Preliminaries 



It is well known (cf. e.g. [17]) that the system ([2]) admits a Lax pair formulation 
L = ^ = [-B, i], where L = L^{b, a) is the periodic Jacobi matrix defined by 



L±(6, a) 



( bi ai 
02 63 



±aN \ 







\±aN 

and B the skew-symmetric matrix 

/ ai 
-ai a2 

B 



ajv-i bN 



-02 •• 
\aN ... -ajv-i 





/ 



(10) 
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Hence the flow of L = [B,L] is isospectral. 

Proposition 2.1. For a solution (6(t),a(i)) of the periodic Toda lattice 
the eigenvalues {)^f)i<j<N of (b{t) , a(t)^ are conserved quantities. 

Let us now collect a few results from [T^ and [17] of the spectral theory of 
Jacobi matrices needed in the sequel. Denote by M.^ the complexification of the 
phase space M, 

= {(6, a) e C^^ : Re flj > V 1 < j < N}. 

For {b, a) E M"' we consider for any complex number A the difference equation 

{Rb^avm = \y{k) (fceZ) (11) 

where y{-) ~ y{k)i^^z e and i?(„a is the difference operator 

Rb,a ^ ak-iS-^ + bkS'^ + OkS' (12) 

with denoting the shift operator of order to G Z, i.e. 

{S"'y){k) = y{k + to) for k e Z. 

Fundamental solutions: The two fundamental solutions yi(-,A) and y2{-,X) 
of (fTT|) are defined by the standard initial conditions yi(0, A) = 1, yi{l,X) = 
and ^2(0, A) = 0, 7/2(1, A) — 1. They satisfy the Wronskian identity 

W{n) := 2/1 (n, \)y2{n + 1, A) - yi(n + 1, \)y2{n, A) = — . (13) 
Note that for n = TV one gets 

W{N) = 1. (14) 

For each fc e N, yi{k,X,b,a), j = 1,2, is a polynomial in A of degree at most 
k—1 and depends real analytically on {b,a) (see |15j). In particular, one easily 
verifies that y2{N+l, A, b, a) is a polynomial in A of degree N with leading term 
q;~^A^, whereas yi{N, A) is a polynomial in A of degree less than N. 

Discriminant: We denote by A(A) = A(A, 6, a) the discriminant of pT|) . 
defined by 

A(A) :=2/i(7V,A)+2/2(A^ + l,A). (15) 

In the sequel, we will often write for A(A). As y2{N + 1, A) = a"^A^ + . . . 
and2/i(7V, A) = 0(A^~^), A(A,6,a) is a polynomial in A of degree with leading 
term a~^A^, and it depends real analytically on (6, a) (see e.g. [17]). According 
to Floquct's Theorem (see e.g. [H]), for A G C given, l|lip admits a periodic or 
antiperiodic solution of period A^ if the discriminant A(A) satisfies A(A) = +2 
or A(A) — —2, respectively. These solutions correspond to eigenvectors of or 
L~ , respectively, with defined by ()10|) . It turns out to be more convenient to 
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2 PRELIMINARIES 



combine these two cases by considering the periodic Jacobi matrix Q — Q{b, a) 
of size 27V defined by 



bi 


ai 















Gn 




ai 


62 























aN- 


1 bN 


a-N 




















a-N 


bi 


ai 



















ai 


b2 




a.N-1 




aN 

















bN 


J 



Then the spectrum of the matrix Q is the union of the spectra of the matrices 
L"*" and L~ and therefore the zero set of the polynomial — 4. The function 
A| — 4 is a polynomial in A of degree 27V and admits a product representation 

2N 

Al^i^a-'^lliX-X,). (16) 

The factor a^^^ in (flBl) comes from the above mentioned fact that the leading 
term of A(A) is a^^A^. 

For any (6, a) € M, the matrix Q is symmetric and hence the eigenvalues 
(Aj)i<j<27v of Q are real. When listed in increasing order and with their alge- 
braic multiplicities, they satisfy the following relations (cf. |15j ) 

Al < A2 < A3 < A4 < A5 < . . . A2Ar-2 < A27V-I < A2Ar. 

As explained above, the Xj are periodic or antiperiodic eigenvalues of L and 
thus eigenvalues of L"*" or L~ according to whether A{Xj) = 2 or A(Aj) — —2. 
One has (cf. [H]) 

A(Ai)== (-1)^-2, A(A2„) = A(A2„+i) = (-l)"+^-2, A(A2w) = 2. (17) 

Since A^ is a polynomial of degree TV with leading term a^^A^, Aa = 
A(A) — ^A(A) is a polynomial of degree 7V — 1 with leading term TVa^^A^^^, 
hence admits a product representation of the form 

N-l 

Aa = 7Va-^ [] (A - Afc). (18) 

k=l 

The zeroes (A„)i<„<Ar_i of Aa satisfy A2„ < A„ < A2n+i for any 1 < n < 7V— 1. 
The open intervals (A2n,A2n+i) are referred to as the n-th spectral gap and 
7n ■— A2n+i — A2n as the n-th gap length. Note that |A(A)| > 2 on the spectral 
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gaps. We say that the n-th gap is open if 7„ > and collapsed otherwise. The 
set of elements {b, a) G M for which the n-th gap is collapsed is denoted by Dn, 

a) eM:7„ = 0}. (19) 

Using that 7^ (unlike 7„) is a real analytic function on M, it can be shown that 
Dn is a real analytic submanifold of M of codimcnsion 2 (cf. |TT] for a similar 
statement in the case of Hill's operator). 

Isolating neighborhoods: Let (6, a) € M be given. The strict inequalities 
A2n-i < (1 < ?T- < N) guarantee the existence of a family of mutually 
disjoint open subsets {Un)i<n<N-i of C so that for any 1 < n < iV — 1, J7„ is a 
neighborhood of the closed interval [A2„, A2„+i] . Such a family of neighborhoods 
is referred to as a family of isolating neighborhoods for (b, a) . 

In the case where {b,a) G M*', we list the eigenvalues (Aj)i<j<2jv in lexico- 
graphic ordering 

Ai ^ A2 ^ A3 ^ . . . ^ A2Ar. 
We then extend the gap lenghts 7„ to all of M"' by 

7n := A2„+i - A2„ {I <n< N -1) 

and define 

i^^={(6,a) gM^ :7„ = 0}. (21) 

In the sequel, we will omit the superscript and always write D„ for D^. 

Similarly, we do this for the zeroes (A„)i<„<Ar_i of A^. As the lexicographic 
ordering is not continuous, the A^'s and A^'s no longer depend continuously on 
(6, a) G M"'. However, if we choose a small enough complex neighborhood W of 
M in M^, then for any (6, a) € W the closed intervals G„ C C (1 < n < ^ - 1) 
defined by 

Gn := {(1 - t)X2n + tA2„+i : < t < 1} (22) 

are pairwise disjoint, and hence, as in the real case, there exists a family of 
isolating neighborhoods {Un)i<n<N~i- 

Lemma 2.2. There exists a neighborhood W of M in such that for any 
(b, a) G W, there are neighborhoods U„ of Gn in <C (I < n < N ~ 1) which are 
pairwise disjoint. 

Remark 2.3. In the sequel, we will have to shrink the complex neighborhood 
W several times, but continue to denote it by the same letter. 

^The lexicographic ordering a ^ b for complex numbers a and b is defined by 

r Re a < Re fe 

a -< fe -.^^ } or (20) 
I Re a = Re b and Im a < Im b. 
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Contours r„; For any {b, a) S W and any l<ri<iV— 1, we denote by r„ 
a circuit in J7„ around Gn with counterclockwise orientation. 

Isospectral set: For (6, a) S M, the set Iso(6, a) of all elements {b',a') £ M 
so that (5(6', a') has the same spectrum as Q{b, a) is described with the help of 
the Dirichlct eigenvalues /ii < < • ■ • < IJ-N-i of (fTTj) defined by 



yi(7V+ 1,^„) = 0. 



(23) 



They coincide with the eigenvalues of the (A^— 1) x {N— l)-matrix L2 = ^2(6, a) 
given by 

/ 62 a2 ... \ 



02 








1 bN ) 

1 as the Dirichlet eigenvalues 



V ... aw 

In the sequel, we will also refer to /ii, . . . , /iat 
of L{b,a). Evaluating the Wronskian identity (|13p at A = /x„ one sees that 
fin lies in the closure of the n-th spectral gap. More precisely, substituting 
yi{N + 1, /i„) = in the identity (fT3|) with A = /i„ yields 



2/i(iV,Ai„)y2(iV + l,Mn) = 1- 
Hence the value of the discriminant at fi„ is given by 

1 



(24) 



(25) 



and |A(/i„)| > 2. By Lemma [2.41 below, given the point (6, a) with &i = . . . = 
bN = P and ai = ... = un = a, one has A2n = A2n+i and hence /i„ = A2n 
for any l<n<7V — 1. It then follows from a straightforward deformation 
argument that A2n < < A2n+i everywhere in the real space M. 

Conversely, according to van Moerbeke [15j , given any (real) Jacobi matrix 



■ A 



27V-2 



< A 



< A 



2N 



Q with spectrum Ai < A2 < A3 < A4 < A5 < 
and any sequence (/x„)i<„<Ar-i with A2„ < fJ-n < >^2n+i for n = 1, . . . , iV - 1, 
there are exactly 2^ iV-periodic Jacobi matrices Q with spectrum (A„)i<„<2A' 
and Dirichlet spectrum {iJ-n)i<n<N-i, where r is the number of n's with A2„ < 

^J■n < A2n+1- 

In the case where {b, a) e M"', we continue to define the Dirichlet eigenvalues 
{^J'n)l<n<N-l by (|23p . and we list them in lexicographic ordering /ii ^ /i2 ^ 
... ^ Mjv-1- Then the yui's no longer depend continuously on (6, a) € M"'. 
However, if we choose the complex neighborhood W of M in M"' of Lemma [2?2] 
small enough, then for any (6, a) G W and 1 < n < — 1, there exist isolating 
neighborhoods (Un)i<n<N~i so that /i„ is contained in the neighborhood Un of 
Gn (but not necessarily in G„ itself). 

For later use, we compute the spectra of Q{b,a) and ^2(6, a) in the spe- 
cial case (6, a) — {/SIn , uIn) with /3 £ M. and a > 0. Here Ijv denotes the 
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vector (1, . . . , 1) G M^. These points are the equihbrium points (of the restric- 
tions) of the Toda Hamiltonian vector field (to the symplectic leaves M^^q,). 
We compute the spectrum {Xj)i<j<2N of the matrix Q^pij^i^al^) and the 
Dirichlet eigenvalues (/i/)i<;<jv-i of L = L(/?lAr, al^v)- Furthermore, for any 
1 < I < N — 1, we compute a normalized eigenvector corresponding to the 
eigenvalue ^j, gi = (5j(j))i<j<jv, i-C- Lgi = mgi, gi{l) = 0, and a vector 
hi = (^;(i))i<j<jv '^hich is the normalized solution of Ly ~ fiiy orthogonal to 
gi satisfying W{hi,gi){N) > 0. 

Lemma 2.4. The spectrum {Xj)i<j<2N ofQ(f3lN, al^) and the Dirichlet eigen- 
values {^i)i<i<N-i of L{(31n ,ci^n) are given by 

Ai = /?- 2a, 

As; = A2,+i =Ai/ = /3-2acos^ (l</<iV-l), 
A2JV ^ P + 2a. 

In particular, all spectral gaps oj Q{I3\n ^cAn) are collapsed. For any 1 <l < 
N — 1. the vectors gi and hi defined by 

giij) = {-iy+'^sm^-l^^ {l<j<N), (26) 

hi{j) = {-iy^cos^-^^^ il<j<N) (27) 
satisfy Ly — fJ-iy and the normalization conditions 

N N 

W{hi,gi){N)>0, {hi,gi)^.=0. 

Remark 2.5. Recall that {gi{j))i<j<N is a vector in R^. The normalization 
condition gi{0) > means that gi{j) ~ viy\(j,[ii) for 1 < j < N with ui > 0. 

3 Action-angle variables 

In this section we summarize the results obtained in [5^ which we will need in 
the sequel. First we have to introduce some more notation. 

Riemann surface S^.a-' Denote by Sb^a the Riemann surface obtained as the 
compactification of the affine curve Gb,a defined by 

{{X,z) eC^ : z^ = Al{b,a)-A}. (28) 

Note that Gi,,a and Sb^a are spectral invariants. (Strictly speaking, E^.a is a 
Riemann surface only if the spectrum of Q{b, a) is simple - see e.g. Appendix A 
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3 ACTION-ANGLE VARIABLES 



in [TB] for details in this case. If the spectrum of Q{b,a) is not simple, a) 
becomes a Riemann surface after doubling the multiple eigenvalues - see e.g. 
section 2 of 12J.) 

Dirichlet divisors: To the Dirichlet eigenvalue /in (1 < ?^ < -/V — 1) we 
associate the point /i* on the surface Eh. a, 



:= {l^n, ^A2^ - 4] with ^f^~A■.^yliN,^l^)-y2{N+^,^l„), (29) 

where we used that A^^ — 4 = {yi{N, /i„) — y2{N + 1, ^„))^. 

Standard root: The standard root or s-root for short, ^^1 — A^, is defined for 
AeC\[-l,l] by 

\/l-A2 lA Vl-A-2. (30) 

More generally, we define for A G C \ {ta + {1 — t)b\0 < t < 1} the s-root of a 
radicand of the form (b — A) (A — a) with a < b, a =/= b hy 

i/ib-X){X-a) := 1 </l-w^, (31) 

where ^ := b — a, t := and w 

Canonical sheet and canonical root: For (6, a) G M the canonical sheet of 
Efc^a is given by the set of points (A, ^^A^ — 4) in CbM, where the c-root ^A^ — 4 
is defined on C \ Un=o('^2n, A2,i+i) (where Aq :— —00 and A2Ar+i '■— 00) and 
determined by the sign condition 



-i^A2-4>0 for A2Ar_i < A < A2Ar. (32) 
As a consequence one has for any 1 < n < 



sign ^A2_^o-4- (-1)"^+""' for A2„ < A < A2„+i. (33) 

The definition of the canonical sheet and the c-root can be extended to the 
neighborhood W of M in M"- of Lemma 

Abelian differentials: Let (5, a) g M and 1 < n < TV — 1. Then there exists a 
unique polynomial ipn{X) of degree at most iV— 2 such that for any 1 < A: < A^— 1 

1 f i^nW . 

■.dX = 6kn- (34) 



27r 7,, ^^—J 

Here, for any l<fc<A^— 1, denotes the lift of the contour Ffe to the 
canonical sheet of St.^^. For any k ^ n with A2fe =/= X2k+i, it follows from ([34]) 
that 

' f^''^' .dX = 0. (35) 



^ A.. VA2— 4 

Hence in every gap (A2fe, A2A;+i) with k ^ n the polynomial ipn has a zero which 
we denote by cr^. If A2A; = A2fc+i then it follows from (I34|) and Cauchy's theorem 



11 



that (T^ = \2k = ^2k+i- As tpnW is a polynomial of degree at most N — 2, one 
has 

V'n(A) = M„ n (^-'^fe)' (36) 

l<fc<JV-l 

where M„ = M„(6, a) ^ 0. 

In a straightforward way one can prove that there exists a neighborhood W 
of M in Mc, so that for any {b, a) G W and any 1 < n < A^ — 1, there is a unique 
polynomial V'n(A) of degree at most N —2 satisfying ([34|) for any 1 < fc < A^ — 1 
as well as the product representation p6|) . and so that the zeroes are analytic 
functions on W. 

We have seen in the introduction that there are two Casimir functions Ci and 
C2 for J, leading to the symplectic foliation of M with the leaves M^.q.. In [8j we 
defined global action variables (/n)i<Tt<Ar-i on M and, for any 1 < n < — 1, 
the angle variable 0„ on M \ Dn where !?„ is given by ([T9|) and ([2T|) . 

Definition 3.1. Let (6, a) e M. For 1 < n < - 1, 

where A\ = is the X-derivative of the discriminant A\ = A(A, 6, a) and 

the contour r„ and the canonical root are given as in section\^ 

Definition 3.2. For any 1 < n < N — 1, the Junction 0„ is defined for (6, a) G 

N-l 

On-^Vn + Pn [mod 2Tr) and /3„ := ^ /?^, (38) 
where for k ^ n, 

/3fe = / , c?A, 77„ = / dX {mod 271). (39 

_ffere /or any 1 < fc < A^ — 1, /i^ is i/ie Dirichlet divisor defined in i29\). and X2k 
is identified with the ramification point (A2fc,0) on the Riemann surface Sb^a- 
The integration paths on 'S^^a in I139\) are required to be admissible in the sense 
that their image under the projection tt : St,,a — > C on the first component stays 
inside the isolating neighborhoods Uk- 

In [8] we proved the following results. 

Theorem 3.3. (A) There exists a complex neighborhood WoflVlin M"' with 
the following properties: 

(i) For any I < n < N - 1, the functions /„ : W C, 0„ : W \ ^ 
C (mod n), and /3„ : W ^ C are analytic. 
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4 BIRKHOFF MAP 



(a) On the real space M, each function In is real-valued and nonnegative. 
It vanishes at a point (6, a) G M. if and only if the n-th gap is col- 
lapsed, i.e. ifjn{b,a) — 0. Moreover /3„(6, a) = for any {b,a) G M 
with 7„(&, a) = 0. 

(Hi) For any 1 < n < N — 1, the quotient In/in extends analytically 
from M \ Dn to all of W and has strictly positive real part on W. 
As a consequence, ^„ — tj'^ln/ln is a well-defined, analytic and 
nonvanishing function on W, where ^ is the principal branch of the 
square root on C\ (— oo, 0]. 

(B) The variables /„ and 6n, 1 < n < N ~ 1, are globally defined action-angle 
variables for the periodic Toda lattice. More precisely: 

(iv) The functions {In)i<n<N-i are pairwise in involution and Poisson 
commute with the Toda Hamiltonian H , i.e. for any 1 < m,n < 
N -l,i = l,2, 

{/m,/n}j=0, {iJ,/„}j = and {a,/„}j- 071 W. 

(v) The functions : W \ Z?„ — s-M, 1 <n<iV— 1, are conjugate to the 
variables {Im)i<m<N-i, i-e. for any I < m < N — 1, j = 1,2, 

{InijOn}.; ^ Smn and {Ci,9n}.J = onW\Dn 

and 

{0m,On}j^O onW\{D„,UD„). 

4 BirkhofF map 

In this section, we construct the map 51, il = {{^n)i<n<N-i,CiT C2), defined 
on W. For any 1 < n < iV — 1 and (6, a) E W \ Dn the n-th component of fi, 
~ [xn, y-n), IS defined to be 

{xn,yn)= V'27^(cos6'„,sin6'„). 

In order to extend (a;„, y„) to aU of W, we substitute the formula 2/„ = 7^Cn 
of Theorem 13.31 into the definition of (a;„, y„). Hence, for (6, a) £ W \ Dn, 

\ Xn = ^nln COS = £.nlr /''"^2 

1 Vn = 6j7nSin6'„ = S.nln "' " ' " ■ 



By Theorem 13. 3[ /3„ - and therefore e^''^" - as well as ^„ are analytic on W. 
Thus it remains to analytically extend the functions 



z± := 7„e±^''" (40) 

to "W. Note that at this point, is defined on W \ Dn only. The following 
result is proved in section [5] below. 
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Proposition 4.1. The functions extend analytically to W. On Mn 
z± = 0. 

Definition 4.2. For {b, a) £ W and 1 < n < N - 1, 



For any 1 < n < N - 1, it follows from (gT]) that 

Now we are ready to define the coordinate map f2. As the Casimir function 
C2 takes only positive values, we introduce as target space of ft the model space 

T := m2(^-i) X M X M>o 

and define 

n: M (42) 
(6, a) 1-^ ((a;„,?/„)i<„<7v-i,C'i,C2). 

In view of Theorem 13.31 and Proposition 14.11 we then have proved 

Theorem 4.3. The map Q : M. y is real analytic. It extends analytically to 
the complex neighborhood W of in of Theorem \3.3[ 

To compute the differential of the map we first compute for any 1 < n < 
— 1 the gradient Vb^aZ^ of z+ for 1 < n < N — 1. Let us first recall some 
notation introduced in [8j. For sequences (u(j)jgz), (^w{j)j^z) ^ C define the 
A^-vectors 

vw:= {v{j)w{j)) i<^.<^, (43) 
vSw:^{v{j)wij + l))^^^^^, (44) 

where 5* denotes the shift operator of order 1. Further define the 2 A^- vector 

v-sw := (v ■ w,v ■ Sw + w ■ Sv). (45) 

In case v = w we also use the shorter notation 

:— v-sv. (46) 

Written componentwise, v-sw is the 2 A^- vector 



(w-sw)(j> 



v{j)w{j) (1 < j < A^) 

v{j - N)w{j - N + I) + v{j - N + l)w{j -N){N<j < 2N) 



The following proposition will be proved in section [51 
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4 BIRKHOFF MAP 



Proposition 4.4. At any point (6, a) G M n D„, the gradient ^b,aZ^ is given 
by 

Vfo,a4 = (VbZ+, Va4) = (^1 - *5n)^ (47) 

where gn and h„ are defined by \2b]] and {21^ , respectively. 
It is convenient to introduce the complex version of fJ, 
f7C:(M,J)^(C^-ixMxR>o,Jo) 

{b,a) ^{(Xn+iyn)l<n<N-l-,Ci,C2), 

and the abbreviations s„ := sin ^ for 1 < n < — 1. Moreover, for the rest 
of this section we write ^ instead of for the principal branch of the square 
root function, defined on C \ (— oo,0]. 

Proposition 4.5. Let /? G M. and a > 0. The gradient Vb.ail"' of il"' at 
(6, a) = {PIn, o:In) is given by (1 < n < N — 1) 



\/2aN y/^i [-2e^^ — (iV + 1 < j < 2A^) 
and 

Vb^.Ci =-^(lw,Ojv), V6,aC2 = ^(Ojv,ljv), (50) 
where Oat = (0, . . . , 0) = • Iat. 

Proof. Note that the formulas in ([50]) immediately follow from the formulas ([5]) 
and ([9]) for the gradients of the Casimir functions Ci and C2 at an arbitrary 
point {b,a) G M. It remains to show p9|) . In order to compute the gradient 
of Xn + iy-in we use the formula x„ + iyn — Cn-^^e*''" stated above. By Lemma 
12.41 all gaps are closed for (&, a) — (/31jv, alAr). Hence, by Theorem 13.31 (ii). 
/?„ = and thus e*^" = 1 for any l<n<A^— 1. In addition, by Proposition 
14.11 z+ = 0. The gradient of Xn + iyn — S.nZn^^^'' '^i^'l^ respect to {b, a) at 
(6, a) — {PIn, alw) is therefore given by 

'^bM^n + i "^b.aVn = C^b.aZn. (51) 

Further, by Theorem 13. 3|, 

e„ = lim (52) 
The proof in [8j of the results stated in Theorem 13.31 shows that 



?n = —^\/Xn(Tn), 

where 

^"^^^ " V(A-Ai)(A2Ar^ „n +/(a-a2™+i)(a~a;;;j' ^^^^ 
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and 



(54) 



As all gaps are collapsed, A„ = \2n = ^2n+i = T-n for any 1 < n < — 1. 
Hence, for A ~ r„, the product in ([55]) is equal to and thus 



in 



{{X2N - T„)(r„ - Ai)) 



2 " ' ' 2 

By Lemma Ai = /3 — 2a, = /3 + Sa, and t„ = /3 — 2a cos Therefore 



(4.'( 



1 - COS 



8a . nTT 
— sm — 

N N 



1 



(55) 



2 V'"^ V NI, 
Next, by Proposition 14.41 the gradient ^b^Zn of 2;+ in ([5T|) is given by 

V6,a2^,t = - «5ri)^ (56) 

where we used the notation introduced in (|46|) . From the formulas ([26l) -(|27 |) for 
gn and hn we then obtain from (I56p in the case (&, a) = (/31jv, ctlw) 



(V,,aZ+)(j-) = - 



(1 < j < N) 

~2e (A^ + 1 < j < 2A^) 



(57) 



Substituting ([551) and (|57)) into ([5T|) then yields the claimed formula (|49)) and 
therefore completes the proof of Theorem 14.51 □ 



We end this section with proving commutator relations among the variables 
(a^n, yn)i<n<A'-i which wiU be used in section[7]to prove Theorem ll.il 

Proposition 4.6. For any {b,a) E W and 1 < k,l < N — 1, the following 
relations hold: 

{xk,xi}j ^0; {yk,yi}j = 0; {xk,yi}j^Ski- 

Proof. By the continuity of {•, -jj, it is sufficient to prove the claimed relations 
for any 1 < fc, Z < A^— 1 and (6, a) € W\(DfcUD;). In this case, Xn = \/27^cos 9n 
and yn — ^/2In sin 0„ for n € {fc, I}. Let us first show {xk,yi} = Ski- 

{xk,yi}j {VsTfcCos^fc, y2i;'sin6'i},7 

= cos6lfev/27,'{y24,sin6'i},7 + sin6l,V2^{cos6'fc, ^/2Ti}j 

COS 9k COS 01 —^= {/fe , 6*/ } ,7 + sin 6'fc sin 6*; — = { // , 6*^ } j 



4;, 



where for the latter identity we used Theorem 13.31 (B). The other two claimed 
relations are proved similarly. □ 
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5 Proof of Proposition 14.11 

To prove Proposition l4. II we follow the arguments used in [llj to prove a similar 
result for KdV. 

Recall from ([39| that ry„ is the following integral on Sb,a, 



r^=^dX (mod 2.), 



where /x* is the Dirichlet divisor introduced in (|29p . and is identified with 
the ramification point (A2n,0) on S^.a- 

Note that on W \ Z?„, = 7„e**''" is continuous. Indeed, possible discon- 
tinuities of rjn due to the lexicographic ordering of the eigenvalues (Aj)i<j<2Af 
lead simultaneously to a sign change of 7„ and e**''", thus leaving 7„e^"'" 
unaffected. For A near the interval Gn, defined in (f22|) . one has 

V'n(A) _ Cn(A) ^gg^ 



\/(A2„+i-A)(A-A2„)' 
where 

^"^^^ V(A-Ai)(A2Ar^ ,JJ„ V(A2™+1-A)(A2„-A)' ^^^^ 
with 0. Note that C„ is analytic and nonvanishing in [/„. We claim that 

C„(M) = l + 0(l7n|) (60) 

for /i G Gn, locally uniformly on W. Indeed, for real (&, a) with 7„ > and 
any /i e G„ we deduce from (IM)) . using that on the interval (A2ra, A2„+i), both 
(-l)^+"+V«(A) and C„(A) are positive, 

+ i (_i)A'+«+V„(A) 



dX 



'^"^^ Cn(M) + (C»(A)-C»(M)) 
A2„ \/(A2n+l ^ A)(A — A2„) 

<,(//) + 0( sup |C«(A)-C«(a')I), 
AeG„ 



where we used that 



2n + l 



dX 



Hence for fj, e Gn, 



A2„ V(A2n+l - A)(A - A2„) 



C„(a*)-1 + 0( sup |Cn(A)-Cn(M)l)- 

AeG„ 
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By Cauchy's estimate, sup;^_^gg^ ICn(-^) ~ Cn{f^)\ < -^^|7n|, where M can be 
chosen locally uniformly on W. This proves the claimed estimate ([60)) for real 
(6, a) . For complex (6, a) G W, the preceding identities remain true at least up 
to a sign. By the continuity of (^^ in (b, a) and A, the estimate (I60|) remains 
valid on W. 

We now investigate the limiting behavior of as the n-th gap collapses. 
This limit exists and does not vanish when (6, a) is in the open set 

Xn := {(&, a) e W : ^„(6, a) i G„(6, a)}. 

Note that X„ does not intersect the real space M, since [in G [A2n,A2n+i] for 
real (&, a). 

We now define 

X„(6,a):=/ d\ (61) 

Jt„ a - t„ 

with r„ = (A2n + A2n+i)/2. Note that r„ is analytic on W. Indeed, using the 
product representation (fTC|) of A| — 4 one gets by the residue theorem 



27ri /r A 



X^^^dX. (62) 

Since, locally on M, the contour r„ can be kept fixed and Aa(6, o) is analytic 
on C X W, ([5^ shows that t„ is a real analytic function on W. 

As /i„ and Cn are analytic on C x W, it then follows that Xn, defined by (pT|) . 
is analytic on W. 

To facilitate the statement of the following result, define, for any 1 < n < 
iV — 1, the sign e„ = ±1 for elements (6, a) in X„ so that 

(63) 



^A2^ - 4 v/(A2n+l - Ai«)(/^n - A2„) 

Note that the s-root is well defined, since /j,„ ^ G„ for (5, a) G X„. To prove 
Proposition 14. II we need the following auxiliary result: 



Lemma 5.1. As {b, a) G W \ £)„ tends to {bo, ao) £ £)„ n X„ 

Tne*'"" ^ -2(l±e„)(/i„-T„)e±^"X", 
where e„ is defined by I163\) . 



Proof. Since X„ is open and {bo, ao) G X„ n it follows that (6, a) E X^ for 
all {b,a) sufficiently close to (6o,ao). Also, {b,a) ^ Z3„ by assumption. 
For {b, a) E X^ \ one has, modulo 2tt, 
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' A2„ {^2n+l — A) (A — A2„) 



'a2„ \/ (A2n+1 — A)(A — \2n) J \2n \/ (A2n+1 — A)(A — A2n) 

='7n ' + ^/n ' mod 27r. 

(2) 

The limiting behavior of the second term r/n is straightforward. If (6, a) 
(5o,ao), then 7„ and so for A ^ T„(6o,ao), 



\/(A2„+i - A) (A - A2„) i{X - T„) 
by the definition of the s-root. Hence, by the definition of %„, 

Jt„ a - r„ 

Consequently, as (6, a) — > (6o,ao)j 

Turning to r]^\ make the substitution A = t„ + zjn/'^- Then, by the definition 
(PT|) of the s-root, 

(64) 



with 



A2„ v/(A2„+i - A)(A - A2„) J-i \/l - 



0(^) r ^T?^- (65) 



7n/2 J-1 \/T- 



It follows that 



s^'>('") = -u; + i yr^^, (66) 



as both sides of the latter identity are analytic, univalent functions on C\ [—1, 1], 
which have the same limit at —1 and satisfy the same differential equation 



Hence, writing 



exp(z77,^,^)) = exp (ie„0(/O„)Cn(A2„)) = exp (i0(p„)e„) exp (ie„0(p„)Cn) 
with Cn = CniX2n) — 1 , we obtain for (6, a) G Xn \ Dn 

Tne^"" ' = 7n(-P« + * </l^r- ■ e'^"*'"")^" . (67) 

Passing to the limit (6, a) — > (bo, ao), we have 7„ —^ 0, while w„ := /i„ — t„ tends 
to a limit different from zero, and hence |p„| — > oo. By the definition ()30|) of 
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the s-root, the limit of the first two factors on the right hand side of the above 
equation can then be computed as follows. 



= -2u„ - 2u„e„ ^1 - pn"^) 
^-2u„(l + e„). 

As to the third factor in ([57)) . observe that for |p„| large, 



\<t>{Pn)\ 



dz 



1 </T 



< 



dz 



-1 



dt 



Since (n — 0{\-fn\) by ([50]) . we thus conclude that (f){pn)Cn and so 

^^e^4,{p^)L ^ I as (6,a) -> (6o,ao). 
Together with the result for e"*" we conclude that for (&, a) {bo, aq) 



as claimed. The limit of 7„ 



is a simple variation of this argument. 



□ 



Proof of Proposition \4-l\ We extend the functions z„ to _D„ n "W as follows 



± _ /-2(1 ± en){pn - 7-„)e±^"X. on A. n X„, 
on Dn \ X„. 



(68) 



We have already seen that the functions are analytic on W \ D^- It is 
straightforward to verify that z^ are continuous at every point of Z)„ n X„ and 
of Dn \ Xn. Thus z^ are continuous on all of W. In view of Theorem A. 6 in [TT] 
it remains to show that they are weakly analytic, when restricted to Z3„ n W, 
i.e. that the restriction of z^ to any one-dimensional complex disc D contained 
in Dn n W is analytic. If the center of D is in Xn, the entire disc D is in Xn, if 
chosen sufficiently small. The analyticity of z^ = 7„e*'''" on D is then evident 
from formula (|68p . the definition of Xn, and the local constancy of e„ on X„. 
If the center of D does not belong to Xn we argue as follows. The function 

~ Tn is analytic on D. It either vanishes identically on D in which case z^ 
vanishes identically, too. Or it vanishes in only finitely many points. Outside 
these points, D is in Xn, hence z^ is analytic there. By continuity and analytic 
continuation, these functions are analytic on all of D. We thus have shown that 
Zn are analytic on D. As x„ is analytic and e„ is locally constant, it follows 
that z^ is weakly analytic on _D„ n W. This proves the analyticity of z^ on 
W. □ 
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6 Proof of Proposition 14.41 

To prove Proposition 14.41 we follow the arguments used in to show similar 
results for KdV. We begin with some preparations for the proof of Proposition 
14.41 To compute the gradient of at a point (6, a) in M n -D„ , we approximate 
(6, a) by elements {b',a') in 



Bn ■■= {(&, a) e M \ : = r„ and sign^A2^ - 4 = (-1)^^+"+^}. (69) 

It follows from the results of the spectral theory of Jacobi matrices reviewed 
in section [2] that Bn ^0- As a preliminary step towards the computation of 
^b,aZn, we need the following two lemmas. 

Lemma 6.1. For any {b, a) e M n Z)„, 

S„9(b',a')— ►(&,a) 

where for i G {2n, 2n + 1} and (6', a') G B„ we denote by fi the eigenvector of 
L{b',a') associated to \i, normalized by 

N 

Mjf = 1 ^nd /,(2)) e (R>o X M) U ({0} x R>o). 

Proof of Lemma \6.1l Recall that we have introduced V'n(A) and CnW in P6p 
and ([551) . respectively. For {b\a') € i?„, 

sign V'«(A*n) = (-1)^+"+! and sign Cn{^^n) = 1 

(see discussions after and ([SS])). and hence the identity ([55]) reads 

V'k(Mk) _ Cn(A^«) 

y^A2^ - 4 V(A2„+1 - Ai«)(/"n - A2„) 

Going through the calculations in the proof of Lemma 15.11 with ((63|l replaced 
by the latter identity, all s-roots replaced by the principal branch and with 
e„ = 1, we can write 

z+ = Tne^"" = Tne^"" ' • e^"- ' 

where, mod 2tt, 

r^" dX 



and 



A2„ •\/(A2ri+l — A)(A — A2n) 



^(2) ^ r- C»(A)-C»(A2n) 

"'Aa™ V (-^Sn+l - A)(A - A2„) 
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Note that with A = + '{/{\2n+i — A)(A — X2n) ~ — z'^ and hence 

on Bn 



In view of ([SO]) we then get in the limit (6', a') ^ (fe, a), with (6', a') € -B„, 



TT 



77^1) ^ ^ (mod27r) 
Using again A = A(z) = t„ + 07„/2 one computes for (6', a') G Bn 

Vl?^ = j\ CAMn + s{X - A,„))d.) ^^^^^dz 

and thus r/^?' — > as (&', a') ^ (6, a), or e"'" ^ 1. 

Since for (6, a) G M n Z)„, one has jn^^^" = by Proposition 14. 1[ it then 
foUows that 

Vf,,a2+ = hm Vfc,a(7„e*''"), 

Bn3{b' ,a')^{b,a) 

Moreover, let Vn ■= fJ-n ~ t„ and as in (j65|) . introduce p„ = ^7 ~/ 2" • Then 



-1 < p„ < 1 and by ^ we get for (5', a') G B„, e*''- ' = e^'^^^-^e^'^^''-^^" , where 
Cn = C«(A2«) - 1- By dUl) it follows that 



The gradients of both factors have a limit as {b',a') — > and the product 

rule can be applied. For (6', a') G i3„, we have /i„ = r„ and hence — as well 
as pn = 0. Thus, the first factor equals ijn and hence, in the limit, vanishes, 
while the second factor equals (i)''" and thus, by ([60ll . converges to 1. As a 
consequence, by the product rule, 

Vfc.aZ,! = lim V6,a(7«e"'") 

(6',a')— >(6,a) 



= hm V6,a( - 2w„ + Z7„ " P™) 

(fc',a')^{6,a) 

= 2(V6,aT„ - Vfc.aMn) + « 1™ V6.a7n 

■ (b',a')^(6,a) 

= 2(Vb,aT„ - Vb^aMn) +i ^ lim^ ^ (/2^„+l - f2n) 

(f) ,a')— >(o,a) 

where for the latter identity we used that on M \ Vb^aAi = /f for i G 
{2n,2n + 1} (cf. 0, Proposition 5.3) and that lim(b',a')^(b,a) " fin) 

exists, as 2;+, /x„, and t„ are analytic. □ 

Lemma 6.2. As (6', a') G Bn tends to (6, a) G MnZ)„, </ie periodic eigenvectors 
f2n and /2n+i of L[b' ,a'), normalized as in Lemma \6.1[ converge to normalized 
eigenvectors of L{b,a), denoted by the same symbols, such that in the limit, 

if 2n+l,gn) < < (/2 
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and 

/2n(l) (/2n+l,5ri) = -/2n+l(l) {f2n, 9,i) ■ (71) 

Proof of Lemma \6.'A As {b',a') tends to (6, a), the initial data (/^(l), /i(2)) of 
the normalized eigenvectors (i G {2n, 2n + 1}) is a vector in the unit disc of 
M^. Choose a convergent subsequence of initial data. Then, for i e {2n, 27T, + 1}, 
fi can be expressed as a linear combination of the fundamental solutions j/i and 
1/2, fi = /i(0)yi + /i( 1)2/2- As the fundamental solutions depend analytically on 
A and (&', a'), the eigenvectors /2T1+1 and /2ti then converge to some eigenvectors 
of L(b,a), which we denote by /2n+i and f2n- Note that, by the normalization 
of fi, one has /i(l) > for i G {2n, 2n + 1}. 

By dlOl), \im(b'^a')^(b,a) (/ln+i - /In) exists. As t„ is analytic and, on M \ 
Dn, Vf,,ar„ = + fin) /2, it follows that lim(f,/,a')^(b,Q) {fL+i + fin) ex- 

ists as well. Hence the limits of /f , i S {2n, 2n + 1} exist, and /2n+i and 
are uniquely determined up to a sign. As fi{l) > for i E {2n,2n + 1}, this 
sign is uniquely determined once we show that 

Ml)^0. (72) 

To simplify notation, write temporarily / and g instead of /2n+i and g„. To 
prove (|7^ . observe that 

(A2„+i - M«)(/,.9)==(A2«+i/,5) - {f,fJ-n9) = - 

N 

-/(i) [&j.9(j) + a^gU + 1) + aj-i.9(i - 1)] ) 

N 

=E + 1)50) - «j-i/(j)ff(j - 1)) 

+ E (a.-i/(j - l)5(j) - a,/(j)ff(j + 1)). 

Note that the latter two sums are telescoping, hence 

(A2„+i - fin){f,g) = aN{f{N+l)g{N) - /(l)g(O) + /(O)g(l) - f{N)g{N+l)) 

^aA./(l)((-l)"+^5(A^)-3(0)), 

where for the latter equality we used that g{l) ~ = g{N + 1) and f{N + 1) = 
(— l)"-''^/(l) according to whether A2„+i is a periodic or antiperiodic eigenvalue 
- see ((T7)) in section [51 Hence we have 

(A2„+l-Mn)(/2n+l,<?„) =aA'/2„+l(l)((-l)"+'^5n(^)-5n(0)). (73) 

A similar computation shows that 

{\2n-fin){f2n,gn)=aNf2n{l){{-ir+''gn{N)-gn{0)). (74) 
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For {b',a') G i?„, one has \2n+i — ^J■n = A*ri — ^2n as well as > 

[i e {2n,2n + 1}) and (-1)"+^5„(7V) 7^ 5„(0). Hence the quotients of the 
left and right hand sides of (|73p and ([7^ are well defined, and we obtain 
/2n(l)(/2n+i,gn) = -/2«+i (1) (/2« , ffri) • Passing to thc limit as [b',a') ^ {b,a) 
we obtain 

/2«(l)(/2n+l,5«) = -/2™+l(l)(/2n,ffn)- (75) 

We claim that 

lim (76) 

exists and that k„ < 0. To see it, divide ([73|l by (A2„+i — /Lt„). Then the 
existence of the limit in ((76)) implies that one can take limits of both sides of 
the resulting equation as {b' , a') — > {b, a) to get 

(/2ri+l,5n) ajVKn/2ri+l(l)- (77) 

If /2n+i(l) = 0, then, as f2n+i is periodic or antiperiodic, f2n+i{N + 1) = as 
well. Hence /2n+i is a (nontrivial) scalar multiple oi gn and thus (/2n+i, 5ri) 7^ 0, 
contradicting ([77]) . Hence the claim that k„ < implies that /2ri+i(l) > 0, i.e. 
f2n+i satisfies all the normalization conditions listed in Lemma 16.21 

It remains to prove that the limit l|76p exists and that k„ < 0, or equivalently, 

lim (-^r-JydN,,.)-l^^^ ^^^^ 



Recall that ^A2(^„) - 4 = yi{N, ^„)-y2(A^ + l,/in). Hence, for {b',a')eBn, 
2yi{N,fi„) = {yi{N,fin) + y2{N+l,^in)) + {yi{N,Hn)-y2{N + l,Hn)) 
= A(/x„) + v/A2(^„) -4 
= A(m„) + (-1)^-"-! VA2(/i„) - 4, 

the last equality being a consequence of the definition ((69)l of B„. Recall that, 
according to ([ITl), 2 = (-l)"+^A(A2„+i). Substituting 4 = A2(A2„+i) into thc 
formula above, the inequality (|78p can then be equivalently written as 



1-^^ [( ^^„+A. A(Mn)-A(A2n+l) ^A^ (^„) - A^ (A2„+l ) \ ^^g^ 
('''."') \ A2„+l — /Z„ A2ri+1 — / 

Concerning the first term in the above expression, we get in the limit, as 
{b\a')^ib,a) 

A(a.„)- A(A2n+l) : 

> A^A2„+ij — U, 

A*n — A2n+1 

as A2n+i is a double eigenvalue of Q{b, a). Concerning the second term in ([75)) . 
write 

A2(^„)- A2(A2„+i) - -2 / A(A)A(A)dA 
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"^'A{X)yJ A{n)dfj^dX, (80) 

where A„ is the unique root of A in the n-th gap. Note that locally uniformly 
on M, 

^ A(/i) dfi = {\- A„)A(A„) + 0((A - A„)2) 

and 

-2 / "^A(A)(A-A„)A(A„)c?A = -2A(m„)A(A„) / "^'(A - A„)dA + 0(7^) 

The first term on the right hand side of the latter expression can be computed 
to be, using that /i„ = r„ on Bn and A„ = t„ + 0(7^) locally uniformly 

-2A(^„)A(A„)i ((A2„+i-A„)2_(^„_A„)2) = -A(Ai„)A(A„) (|i)'+0(73). 

Dividing ([50]) by (/i„ — A2„+i)^ and taking the limit thus leads to 
r A^(a.„)- A^(A2„+i) 

hm r = -A(A2„+i)A(A2«+i). 

{b',a')^(bM) (l^n — Mn+l) 

As A(A2„+i) = (-1)"+^ • 2 (see ^) and (-l)"+^A(A2„+i) < (again 
by pT)) and the fact that A (A) is a polynomial of degree N), one concludes 
that — A(A2,i+i)A(A2„+i) > 0. This proves the estimate ([7^. hence by (175)) . 
(/2n+i,3n) < 0. By a similar argument, one shows that /2n(l) > 0, and there- 
fore, ([751) implies (/2n,5«) > 0- □ 



Proof of Proposition \4-4\ According to Lemma 16.2 



,1, ^"^,1 N (/2n+l - fin) - fin+l ~ /In (81) 
(o ,a')— >(o,a) 

where the limiting eigenvectors /2„ and /2n+i are orthonormal and satisfy the 
inequalities (/2n+i,<7n) < < (/2n,ffn)- By definition, (7„ and ft,„ are orthonor- 
mal and span the same subspace as /2n and f2n+i- Hence there exist s,t > 
with -\-t^ = 1 such that 

/2ri+l — S hn — tgn, 
f2n =thn + Sgn- 

Substituting these formulas into equation (j7ip . we obtain — s^, and hence 
s = t = -h;=. Thus we have 

V 2 

fin+l ^ /2ri=~2/l„-s3nj /on^, 
f2 I j2 _ l2 I 2 lo^J 

By [8], Vb^aAin = .g^ and Vb^aTn ^ {fin+i + /ln)/2, hcuce 

2(Vfc,aT„ - Vb.aMn) = - ff^- (83) 

In view of (IHI|)-(IM1), formula (gT]) then follows from □ 
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7 Proof of Theorem 11.11 

In this section we show Theorem 11.11 Its three statements are contained in 
Theorem 1 7. 11 Theorem 17.81 and Corollary 17. Ill respectively. 

Theorem 7.1. The map 

n-. M ^7 

{b, a)l-^{{Xn,yn)l<n<N-l,Ci,C2) 

is a global, real analytic dijfeomorphism. 

Local Properties In a first step we establish that f2 is a local diffeomorphism 
everywhere in phase space. 

Proposition 7.2. At every point {b,a) € M, the differential d(^i, a)^ ■ T(b.a)M 
Tf2(b_a)T is a linear isomorphism. 

Let us first introduce some additional notation. For (6, a) e M and 1 < n < 
N -1, define 

dn ■= ^b.aXn and d-n := Vf,,ayn- 

Further we recall Lemma 7.2 in [H], needed later. 
Lemma 7.3. At every point (6, a) in M, the vectors 

are linearly independent. Here K — K{b, a) denotes the index set of open gaps, 
K ■.= {l<n<N -I: 7„(6, a) > 0}. 
Proposition 17.21 follows from the following lemma. 
Lemma 7.4. At every point {b, a) E M, the 2N vectors 

{{dn)l<n<N~l, {d-n)l<7i<N--l, ^b,aCl, V b,aC2) (84) 

are linearly independent. 

Proof of Lemma \7.4\ To verify the claimed statement, consider an arbitrary 
linear combination / — J2i<\n\<N-i '''ndn + siVf, qCi + S2Vf,^aC'2 with real coef- 
ficients (?'r!)i<|n|<Arj ^i, S2 such that f = 0. For m E K take the scalar product 
of both sides of / = with JVt.alm and use Lemma 14.61 together with the 
identity = {x"^ + y^)/2 to get 

Hence the 2-vectors {rm,r-m) and {xm,ym) are parallel, i.e. (rm,r_m) = 
Cm (cos 0m, sin 6*™) with Cm G M satisfying — r"^ + r'^rn- Thus, if Cm van- 
ishes, Tm and r_m both vanish. Furthermore, by the definition of c?±m, 

^mdni ~t- ^— m^— m — ^m^6,a^m ^ T—ra^b^ayni 

= Cm (cos 6'mVb^a2;m + sin Vb^a2/m) 
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where for the last equahty we used the identity 

obtained from 2I„i = x^n + Vm by differentiation. 
Hence the equation f — reads 

'Z— "^b,aIn + ^ {rn^b,aXn + r-n'^b,ayn) + Si\7b,aCl + S2^ b,aC2 = 0. 

(85) 

Next, for m ^ take the scalar product of both sides of ([85| with JVb,aVm, 
and JVb,aXm- By the commutator relations of Lemma l4.6l one then obtains the 
identities 

= (/, JVb,aym) = 7-m{a;m, Um} J = rm 

and 

— {f;J^b,aXrri) — ^— ml-^mi ymlj ^— m- 

Hence (I55t becomes 



neK V 2-'" 

By Lemma 17.31 c„ = - hence r„ = r_„ = by the remark above - for any 
n € K and si = §2 = 0. □ 

Global Properties In a second step, we show that n is bijective and canonical. 
First we show 

Proposition 7.5. The map CI is proper, i.e. the preimage of any compact set 
is compact. 



To prove Proposition 17. 51 we need two auxiliary results. 
Lemma 7.6. For any (6, a) G M and any 1 < n < N — 1, 

ll < M^2N - Ai)/„ (86) 

and 

N-l /N-l \ /N-1 \ ^ 



A proof of Lemma FTBl can be found in Appendix A of [8]; in the case a = 1 
has been proved in [Ij (p. 601-602). 



Lemma 7.7. For 1 < n < N and any {b, a) E M, 



\bn\ < \Ci{b,a)\+J2-/kib,a) 



k=l 
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0<a„ < iV(27rC2(6,a) + |Ci(6,a)|+ V7fc(6,a)) , (89) 



fe=i 



X2N (&, a) - Ai (6, a) < 2^C2 (6, a) + ^ 7^ (&, a) . (90) 

fc=i 

Lemma 17.71 is shown in Appendix |^ In a weaker form, it has been proved 
in [2] (p.564-565). 

Proof of ProposiUon\T^ Let {b'-"'\ a'-"'^),n>i C M b e a sequence in M so that 
. converges in Then, for any 1 < n < N — 1, the sequence 

(/„(6(™\ '3.*^"'''))„j>]^ of action variables is a Cauchy sequence, as weh as the se- 
quence {c[™\ C2™'')m>i of the values of the Casimir functions Ci and C2. By 
Lemma [7.61 and Lemma [7.71 it then follows that (fo*-™-*, a^™)),„>i admits a sub- 
sequence which converges to an element (&, a) in x K^q. As by assumption, 
the sequence (6*2(0'^'"^))^^^ converges to a > and 



lim C2 («("')) 




l/N 



it follows that a„ > for all 1 < ?i < A^, i.e. (6, a) e M. □ 

Proof of Theorem \ 7. 1\ By Proposition l7.21 f2 is open, and by Proposition [731 it 
is closed. As V is connected, i7(M) = CP, hence f2 is onto. It is also 1-1, since, by 
the same reasoning, the set 23 of all points in CP with more than one preimage is 
open and closed. We claim that (Oat-i, Oat-i, 0, 1) ^ 23 and hence 23 = 0. Here 
On-1 denotes the vector (0,...,0) G M^"^ To see that (Oat-i, Oat-i, 0, 1) ^ 
23 note that for any {b,a) G M with il{b,a) — (OAf-i, Oat-i, 0, 1), all action 
variables vanish, and hence, by Theorem 13.31 (ii), all gaps must be collapsed. 
By the results reviewed in section [2l it then follows that /i„ = A2n for any 
1 < n < A^ — 1 and hence there is exactly one matrix Q with 7„ = for any 
1 < n < A^ — 1 and (/3, a) = (0,1). Since we have already shown the real 
analyticity of il in Theorem 14.31 this completes the proof of Theorem 17.11 □ 

Next we show that 57 : M — > CP is canonical. Recall that the phase space 
M is endowed with the Poisson bracket {•, - jj defined by ([5]). It is degenerate 
and has Ci, C2 as Casimir functions. The model space CP is endowed with the 
standard Poisson structure on M2(A'-i)^ i among the coordinate functions 
<N-i,f3, a, all Poisson brackets vanish, except for 1 < n < A^ — 1, 

{Xn,yn}o = -{yn,a;„}o = 1- 

Note that on the model space CP, the coordinate functions /? and a are two 
independent Casimirs defining a trivial foliation with symplectic leaves 7(3 a ■— 
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Theorem 7.8. The map Q is canonical, i.e. it preserves the Foisson brackets. 

Proof. We have to verify that {F,G}o o n = {F o o for arbitrary 
functions F,G in C^(CP). Clearly, the puUbacks of the functions /3,a onT are 
the Casimir functions Ci, C2 of {•, •},/. Moreover, by Lemma lT^ {xk, yi}j = Ski 
and {xfc, xi}j = {t/fe, yi}j = everywhere on M, hence is canonical. □ 

Let TT : T ^ M X M>o denote the projection of ? = M^CiV-i) x R x M>o 
onto the last two factors. Then tt defines a symplectic foliation with leaves 

„ = ]R2(n-i) X {13} X {a}. The definition of fl together with Theorem EH] 
then leads to the following result. 

Corollary 7.9. For every /3 £ M and a > 0, 

and f2|]vtn „ '■ M/3,q ~* '^p,a is a symplectomorphism. In particular, the map 



{In)l<n<N~l ■ ^p.a ^ (ll^>o) 



is onto. 



To formulate the last result of this section, recall that in section [21 for any 
(6, a) e M, we have introduced the isospectral set 

Iso(6,a) = {{b',a') e M : spec Q{b' , a') = spec Q{b, a)}. 

For (a;, y, /3, a) £ CP, let T(a;, y, (3, a) denote the torus 

T{x,y,l3,a) := w„)i<„<Ar-i + vl = x^ + y^ \fn} x {/?} x {a}. 

Proposition 7.10. For any {b,a) £ M, 

n{Iso{b,a)) =T{n{b,a)). (91) 

Proof. Note that the action variables /„ are defined in terms of the discriminant 
Ax, and A\ is a spectral invariant. Hence f2(Iso(6, a)) C T{Q{b, a)). As Iso(6, a) 
and T{n{b, a)) are both tori of the same dimension, ((9T|) then follows. □ 

Corollary 7.11. The pullback H — H o f2^^ of the Hamiltonian of the periodic 
Toda lattice H by fl^^ is a function of the action variables {In)i<n<N~i md 
the Casimir functions Ci,C2 alone. In other words, H is in Birkhoff normal 
form. Therefore, the coordinates ((x„, 2/„)i<„<Ar_i, Ci, C2) are global Birkhoff 
coordinates of the periodic Toda lattice. 

Proof. Note that H can be written as 

H-lf:bl + f:al^ltr {Lib, af) = \ f^i^ff 

n—l n—1 J— 1 

where (A^)i<j<jv are the N eigenvalues of L{b, a). Hence, by Proposition 17. 101 
H = H o is constant on T(x, y, /3, a), i.e. is a function of (/n)i<n<A'-i, 
Ci, C2 alone. □ 
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A Proof of Lemma 17.71 

We begin by proving the estimate ((88l) . In a first step we use a trace formula 
observed by van Moerbeke [15] which expresses bi as a linear combination of the 
traces of = L^{h, a), L~ = L~{b, a) and L2 = L2{h, a), the matrix obtained 
from L{h, a) by removing the first column and the first row: 

61 = i(tr L+ + tr L^) - tr L2. (92) 

The Dirichlet eigenvalues (/in)i<n<A'-i can be characterized as the spectrum of 
L2. Hence we can rewrite (I92p as 



1 1 

2(^1 + ^2w) + 2 H (-^2;. + A2fc+i - 2^fc). (93) 

k=l 

For 6„+i with l<n<A'^ — l,a similar formula can be derived, 
1 1 

&„+i = 2 + ^2jv) + 2 E + A2fc+i - 2^")). (94) 

fc=i 

Here (^j-"^)i<i<Ar-i denotes the Dirichlet spectrum of L{S^b, S^a). Note that 
(5"fe)i = hn+i and 

spec Q{S'^b, S"a) = spec Q(6, a), 

since the discriminants for (6, a) and (S'"^, S'"a) coincide. Hence ([M)) can 
be obtained by applying ([M)) to the element (5'"&, ^"a) instead of (&, a). Note 
that for any 1 < fc < — 1, the eigenvalue /i^ lies in the closed interval 

[A2fe, A2A;+l]. 

It follows from that the difference bi — bj can then be estimated by 

\h~b,\<Y,lk{b,a). (95) 
fc=i 

As for any 1 < n < TV we have 

N N 



Nb„ - NCi =Nb„-J2 = E(^« - ^1 

i=i j=i 



it follows that iV|6„| < A^|Ci| +NJ2k=i Ik, and formula of LemmaOis 
established. 

To obtain ((89)) . choose an arbitrary L^.grthonormal basis {fj)i<j<N C M.^ 
of eigenvectors associated to the eigenvalues {^'j')i<j<N of L^{b,a). We claim 
that 

TV 

i=i 
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To verify multiply 

ak-ifj{k - 1) + bkfjik) + akf,{k + 1) = A+/,(fc) 

by fj{k + 1) and sum over j. As {fj)i<j<N is an orthonormal basis, the N x A^- 
matrix {fj{k))j^k is orthogonal, hence ^'j'^i fj{k)fj{l) = Ski tor 1 < k,l < N, 
and ([96|) follows. Since |/j(fc)| < 1 yj,k, the identity ([96| implies that 

To estimate |A^|, note that 

k=l k=l 

Hence for any I < j < N, 

-{X2N - Ai) < A+ +Ci< X2N - Ai or |A+| < |Ci| + (Asat - Ai) 
leading to 

|A+| < |Ci|+ ^ (A„+i-A„) 

ri=l 

N-1 N 

= |Cl|+I]7n+I](A2n-A2„-l). (98) 
n— 1 n— 1 

We now recall from ([8J, Appendix B) that for any 1 < n < A^, 

A2„-A2„-i<^. (99) 
Combining ^ and ^ yields 

N-l 

|A+|<|Ci| + ^7„ + 27rC2. 

Substituting this inequality into (|97p leads to the desired estimate . Finally, 
the claimed estimate (PO]) easily follows from (|M|) . Hence Lemma [7771 is proved. 
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